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Radiation and Matter

• Radiation always interacts with matter, via exchange of energy and momentum

– matter: local

ρ(x, t), T (x, t), v(x, t)

– radiation: global

specific intensity Iν = I(x, t; ν, Ω)

• Matter and radiation field should be solved together!
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Non-relativistic Radiation Hydrodynamics

• Spherically Symmetric Case

– Continuity equation

∂n

∂t
+

1

r2

∂

∂r
(r2nvr) = 0

– Euler equation

ρ

�

∂vr

∂t
+ vr∂vr

∂r

�

+ ρ
GM

r2
+

∂Pg

∂r
= χ̄F r

– Gas energy equation

−n
∂

∂t

�

ωg

n

�

− nvr ∂

∂r

�
ωg

n

�
+

∂Pg

∂t
+ vr∂Pg

∂r
= Γ − Λ
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– Radiation energy equation

∂E

∂t
+

1

r2

∂

∂r

�

r
2
F

r

�

= Λ − Γ

– Radiation momentum equation

∂F r

∂t
+

∂P

∂r
− E − 3P

r
= −χ̄coF

r
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Relativistic Effects

• Observer dependent measurement

– red/blue shift

– relativistic beaming

– time dilation

– bulk Comptonization
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• Spacetime curvature

– gravitational redshift → frequency mixing

– gravitational time dilation

– loss cone

– gravitational light bending
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Previous Works

– Thomas (1930):

special relativistic theory of radiative transfer in diffusion limit

– Lindquist (1966):

theory of radiative transfer in curved spacetime

covariant moment equation under spherical symmetry

– Anderson & Spiegel (1972):

generalized moment equation including the second moments

– Thorne (1981):

Projected Symmetric Trace-Free moment formalism

comoving proper frame

– Park (1993):

mixed-frame moment equations under spherical symmetry
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Steps to Construct Relativistic RHD

1. Define relevant physical variables in covariant forms

2. Construct covariant conservation equations

3. Choose specific coordinates or spacetime

• Define variables in a suitable tetrad

• Establish the transformation between tetrad and coordinates

• Transform the variables to covariant ones

4. Derive the equations in desirable forms
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Energy-momentum Tensors

• Energy-momentum tensor of gas

T αβ ≡ ωgU
αUβ + Pgg

αβ

gas enthalpy: ωg ≡ εg + Pg = nmc2 + ...

• Radiation stress tensor

R
αβ

=

� �

I(n, ν)n
α
n

β
dνdΩ

nα ≡ pα/hν

Iν/ν3, νdνdΩ: frame independent scalars

• Radiation four-force density [Mihalas & Mihalas 1984]

G
α ≡ 1

c
�

dν

�
dΩ[χI(n, ν) − η]n

α

in comoving frame: Gt̂
co = Γco − Λco, Gî

co = χ̄coF
i
co
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Conservation Equations

• Particle number conservation

(nU
α
);α = 0

• Energy-momentum conservation

�

T
αβ

+ R
αβ

�
;β

= f
α
.

or if the interactions between gas and radiation are known

T
αβ

;β − f
α

= G
α

= −R
αβ

;β
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Radiation Hydrodynamic Equations

• Euler Equation

Pλ
α
(T

λµ
;µ − f

λ
) = Pλ

α
G

λ
where Pα

β
= δα

β
+ UαU

β

• Energy Equation

Uα(T αβ
;β − fα) = UαGα

• Radiation Moment Equation

Rαβ
;β = −Gα
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Tetrads and Velocities

• Basis vectors and orthonormal tetrads

∂

∂xα
;

∂

∂xα̂
≡ 1√

gαα

∂

∂xα
;

∂

∂xα̂
co

= Λβ̂
α̂(v)

∂

∂xβ̂

• Four velocity

U
α ≡ dxα

dτ
; UαU

α
= −1; ũ

i ≡ √
gii U

i

• Proper velocity

– measured by the fiducial observer at rest

vi =
Uî

Ut̂
(i = 1, 2, 3)

• Lorentz factor

γ ≡ (1 − vivi)
−1/2
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• Lorentz transformation
Λt̂

t̂ = γ,

Λ
î
t̂ = γv

i
, Λ

t̂
ĵ = γvj,

Λî
ĵ = δi

j + vivj

γ − 1

v2

• From fixed tetrad to comoving tetrad

∂

∂xα̂
co

= Λ
β̂

α̂(v)
∂

∂xβ̂
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Radiation Moments

• Radiation energy density

E =

��

IνdνdΩ, Eco =

��

IνcodνcodΩco

• Radiation flux

F i =

��

Iνn
idνdΩ, F i

co =
��

Iνcon
i
codνcodΩco

• Radiation pressure

P
ij

=

��

Iνn
i
n

j
dνdΩ, P

ij
co =

��

Iνcon
i
con

j
codνcodΩco
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• Transformation between fixed and comoving moments

R
âb̂
co = Λ

α̂
λ̂(−v)Λ

β̂
µ̂(−v)R

λ̂µ̂

Eco = γ
2

�

E − 2viF
i
+ vivjP

ij

�
F i

co =

�

δi
j + (

γ − 1

v2
+ γ2)vivj

�
F j − γ2viE

−γvj

�

δ
i
k +

γ − 1

v2
v

i
vk

�
P

jk

P
ij
co = γ

2
v

i
v

j
E − γ

�
v

i
δ

j
k + v

j
δ

i
k + 2

γ − 1

v2
v

i
v

j
vk

�

F
k

+(δ
i
k +

γ − 1

v2
v

i
vk)(δ

j
l +

γ − 1

v2
v

j
vl)P

kl
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Radiation Stress Tensor

• Radiation stress tensor: fixed and comoving tetrad form

Rα̂β̂ =

�

E F i

F j P ij

�

, Rα̂β̂
co =

�
Eco F i

co

F j
co P ij

co

�

• Radiation stress tensor: covariant form

Rαβ =
∂xα

∂xλ̂

∂xβ

∂xµ̂
Rλ̂µ̂
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Schwarzschild Spacetime

• Metric
dτ2 = −gαβdxαdxβ

= Γ2dt2 − dr2

Γ2
− r2(dθ2 + sin2 θdφ2)

Γ2 ≡ 1 − 2m/r, m ≡ GM/c2, c ≡ 1

• Four-velocity

Uα ≡ dxα

dτ
; UαUα = −1

• Energy parameter

y ≡ −Ut

=

�

Γ
2
+ (U

r
)
2
+ Γ

2{(rU
θ
)
2
+ (r sin θU

φ
)
2}

�1/2
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• Fixed tetrad
∂

∂t̂
=

1

Γ

∂

∂t
;

∂

∂r̂
= Γ

∂

∂r

∂

∂θ̂
=

1

r

∂

∂θ
;

∂

∂φ̂
=

1

r sin θ

∂

∂φ

• Proper velocity v

vr =
1

y
Ur; vθ =

Γ

y
rUθ; vφ =

Γ

y
r sin θUφ

• Lorentz factor

γ ≡ (1 − v2)−1/2 =
y

Γ
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• Comoving tetrad vs coordinate base

∂

∂t̂co

=
γ

Γ

∂

∂t
+ γΓvr

∂

∂r
+ γvθ

1

r

∂

∂θ
+ γvφ

1

r sin θ

∂

∂φ

∂

∂r̂co

=
γ

Γ
vr

∂

∂t
+ Γ

	

1 + (γ − 1)
v2

r

v2




∂

∂r

+ (γ − 1)
vrvθ

v2

1

r

∂

∂θ
+ (γ − 1)

vrvφ

v2

1

r sin θ

∂

∂φ

∂

∂θ̂co

=
γ

Γ
vθ

∂

∂t
+ Γ(γ − 1)

vrvθ

v2

∂

∂r

+

	

1 + (γ − 1)
v2

θ

v2



1

r

∂

∂θ
+ (γ − 1)

vθvφ

v2

1

r sin θ

∂

∂φ

∂

∂φ̂co

=
γ

Γ
vφ

∂

∂t
+ Γ(γ − 1)

vrvφ

v2

∂

∂r

+ (γ − 1)
vθvφ

v2

1

r

∂

∂θ
+

	

1 + (γ − 1)
v2

φ

v2




1

r sin θ

∂

∂φ
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Radiation Stress Tensor

• Fixed tetrad components

R
α̂β̂

=

�
���


E F r F θ F φ

F r P rr P rθ P rφ

F θ P rθ P θθ P θφ

F φ P rφ P θφ P φφ
�

����
– Spherically symmetric case:

R
α̂β̂

=

�
��


E F r 0 0

F r P rr 0 0

0 0 2−1(E − P rr) 0

0 0 0 2−1(E − P rr)

�
���
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• Comoving tetrad components

R
α̂β̂
co =

�
���


Eco F r
co F θ

co F φ
co

F r
co P rr

co P rθ
co P rφ

co

F θ
co P rθ

co P rθ
co P θφ

co

F φ
co P rφ

co P θφ
co P φφ

co

�
����

• Covariant form

R
αβ

=

�
�����


Γ2E F r Γ−1Fθ

r Γ−1 Fφ

r sin θ

F r Γ2P rr ΓPrθ

r Γ Prφ

r sin θ

Γ−1Fθ

r ΓPrθ

r
Pθθ

r2
Pθφ

r2 sin θ

Γ−1 Fφ

r sin θ Γ Prφ

r sin θ
Pθφ

r2 sin θ
Pφφ

r2 sin2 θ

�
������
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Radiation Four-Force Density

• Coordinate vs tetrad components

Gα =
∂xα

∂xβ̂
co

Gβ̂
co

Gt =
1

Γ

�

γGt̂
co + γviG

î
co

�
Gr = Γ

�

Gr̂
co + γvrG

t̂
co +

γ − 1

v2
vrviG

î
co

�

G
θ

=
1

r

�

G
θ̂
co + γvθG

t̂
co +

γ − 1

v2
vθviG

î
co

�

Gφ =
1

r sin θ
�

Gφ̂
co + γvφGt̂

co +
γ − 1

v2
vφviG

î
co

�
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Hydrodynamic Equations

• Continuity equation: particle number conservation

1

Γ2

∂

∂t
(yn) +

1

r2

∂

∂r
(r

2
nU

r
)

+
1

sin θ

∂

∂θ
(sin θnU

θ
) +

∂

∂φ
(nU

φ
) = 0

– Spherically symmetric case: 4πr2nUr = −Ṅ
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• Euler equation

– r

ωgU
t∂Ur

∂t
+ ωgU

i∂Ur

∂xi
+ ωg

m

r2

�

Γ
2
(U

t
)
2 − Γ

−2
(U

r
)
2

�
− ωg

Γ2

r

�

(rUθ)2 + (r sin θUφ)2

�

+ UrUt∂Pg

∂t
+ Γ2∂Pg

∂r
+ UrUi∂Pg

∂xi

= −yUrGt + [1 + Γ−2(Ur)2]Gr + r2UrUθGθ + r2 sin2 θUrUφGφ

+f
r
+ U

r
Uαf

α

– Spherically symmetric case without external force:

y

Γ

∂Ur

∂t
+

1

2

∂(Ur)2

∂r
+

m

r2
+

y

Γ

Ur

ωg

∂Pg

∂t
+

y2

ωg

∂Pg

∂r

=
y

ωg

Gr̂
co =

y

ωg

χ̄coF
r
co,
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– θ
ωgU

t∂Uθ

∂t
+ ωgU

i∂Uθ

∂xi
+ 2ωg

1

r
U

r
U

θ − ωg sin θ cos θ(U
φ
)
2

+ U
θ
U

t∂Pg

∂t
+

1

r2

∂Pg

∂θ
+ U

θ
U

i∂Pg

∂xi

= −yU
θ
G

t
+ Γ

−2
U

r
U

θ
G

r
+ [1 + r

2
(U

θ
)
2
]G

θ
+ r

2
sin

2
θU

θ
U

φ
G

φ

+fθ + UθUαfα

– φ

ωgU
t∂Uφ

∂t
+ ωgU

i∂Uφ

∂xi
+ 2ωg

1

r
U

r
U

φ
+ 2ωg cot θU

θ
U

φ

+ U
φ
U

t∂Pg

∂t
+

1

r2 sin2 θ

∂Pg

∂φ
+ U

φ
U

i∂Pg

∂xi

= −yU
φ
G

t
+ Γ

−2
U

r
U

φ
G

r
+ r

2
U

θ
U

φ
G

θ
+ [1 + r

2
sin

2
θ(U

φ
)
2
]G

φ

+fφ + UφUαfα
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• Energy equation

− nUt ∂

∂t

�

ωg

n

�

− nUi ∂

∂xi

�

ωg

n

�

+ Ut∂Pg

∂t
+ Ui∂Pg

∂xi
− Uαfα

= −yG
t
+ Γ

−2
U

r
G

r
+ r

2
U

θ
G

θ
+ r

2
sin

2
θU

φ
G

φ

= −Gt̂
co = Λco − Γco.
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Radiation Moment Equations

Rαβ
;β = −Gα

• Radiation energy equation

1

Γ2

∂E

∂t
+

1

Γ2

1

r2

∂

∂r
(r

2
Γ

2
F

r
) +

1

Γr sin θ

∂

∂θ
(sin θF

θ
) +

1

Γr sin θ

∂

∂φ
(F

φ
)

= −Gt =
y

Γ2

�

Λco − Γco − χ̄coviF
i
co

�
– Spherically symmetric case: gravitational redshift

4πr2

�
1 − 2m

r

�
F r = L∞
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• Radiation momentum equation

– α = r

∂F r

∂t
+ Γ2∂P rr

∂r
+

Γ

r sin θ

∂

∂θ

�

sin θP rθ

�
+

Γ

r sin θ

∂P rφ

∂φ

+
m

r2
(E + P

rr
) +

Γ2

r

�

2P
rr − P

θθ − P
φφ

�

= −Gr

= −Γχ̄coF
r
co − Γγvr(Γco − Λco) − Γ

γ − 1

v2
vrviχ̄coF

i
co

– Static case

F i = − 1

χ̄co

P ij
;j
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– α = θ

1

Γ

∂F θ

∂t
+

1

r

∂

∂r

�

ΓrP
rθ

�

+
1

r sin θ

∂

∂θ

�

sin θP
θθ

�
+

1

r sin θ

∂P θφ

∂φ

+
2Γ

r
P rθ − 1

r tan θ
P φφ

= −rG
θ
= −χ̄coF

θ
co − γvθ(Γco − Λco) −

γ − 1

v2
vθviχ̄coF

i
co

– α = φ

1

Γ

∂F φ

∂t
+

1

r

∂

∂r

�

ΓrP rφ

�
+

1

r

∂P θφ

∂θ
+

1

r sin θ

∂P φφ

∂φ

+
2Γ

r
P

rθ
+

2

r tan θ
P

θφ

= −r sin θGφ = −χ̄coF
φ
co − γvφ(Γco − Λco) −

γ − 1

v2
vφviχ̄coF

i
co
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Incompleteness

• Number of Physical Quantities: 16

n, T , Uα, E, F i, P ij

• Number of Equations: 10

UαUα = −1: 1

Continuity equation: 1

Euler equation: 3

Energy equation: 1

Radiation moment equation: 4

• Radiation moment equations are not closed!

Should solve fully angle-dependent radiative transfer equation: -.-;;;

Terminate higher moments

Assume closure relation, such as the Eddington factor
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Relativistic Radiative Transfer

• Full angle-dependent radiative transfer calculation

– I(x, t; ν, Ω)

– 7 dimensional problem: x, t, ν, Ω
– ν changes

– photon trajectory is not straight

• Methods

– Direct integration by finite difference method

– Characteristic method
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Eddington Factor

• a la Minerbo (1978): choose the Eddington factor that maximizes the entropy

f
ij ≡ P ij

co

Eco

as a function of Eco and F i
co,

f
ij

=
1

2
(1 − R2)δ

ij
+

1

2
(3R2 − 1)

F i
coF

j
co

F 2
co

R2 = 1 − 2

λ

�
coth λ − 1

λ

�

R1 ≡ Fco

Eco

= coth λ − 1

λ
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• How good is the Eddington factor?
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3D Cylindrical Coordinates

• Metric

dτ2 = dt2 − dR2 − R2dθ2 − dz2

• Tetrad
∂

∂t̂
=

∂

∂t
,

∂

∂R̂
=

∂

∂R
,

∂

∂θ̂
=

1

R

∂

∂θ
,

∂

∂ẑ
=

∂

∂z
• Continuity equation

∂

∂t
(γn) +

1

R

∂

∂R
(RnU

R
) +

∂

∂θ
(nU

θ
) +

∂

∂z
(nU

z
) = 0,

• Euler equation:

R : γωg

∂UR

∂t
+ ωgU

i∂UR

∂xi
− ωgR(Uθ)2 +

∂Pg

∂R
+ γUR∂Pg

∂t
+ URUi∂Pg

∂xi

= −γURGt + [1 + (UR)2]GR + R2URUθGθ + URUzGz + fR + URUβfβ

θ : γωg

∂Uθ

∂t
+ ωgU

i∂Uθ

∂xi
+ 2ωg

URUθ

R
+

1

R2

∂Pg

∂θ
+ γUθ∂Pg

∂t
+ UθUi∂Pg

∂xi
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= −γUθGt + UθURGR + [1 + R2(Uθ)2]Gθ + UθUzGz + fθ + UθUβfβ

φ : γωg

∂Uz

∂t
+ ωgU

i∂Uz

∂xi
+

∂Pg

∂z
+ γU

z∂Pg

∂t
+ U

z
U

i∂Pg

∂xi

= −γU
z
G

t
+ U

z
U

R
G

R
+ R

2
U

z
U

θ
G

θ
+ [1 + (U

z
)
2
]G

z
+ f

z
+ U

z
Uβf

β

• Energy equation

− nU
t ∂

∂t

�

ωg

n

�

− nU
i ∂

∂xi

�

ωg

n
�

+ U
t∂Pg

∂t
+ U

i∂Pg

∂xi

= −G
t̂
co + Uαf

α
= Λco − Γco + Uαf

α

• Radiation energy equation

∂E

∂t
+

1

R

∂

∂R
(RF R) +

1

R

∂F θ

∂θ
+

∂F z

∂z

= −Gt = γ

�

Λco − Γco − χ̄coviF
i
co

�
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• Radiation momentum equation

R :
∂F R

∂t
+

∂P RR

∂R
+

1

R

∂P Rθ

∂θ
+

∂P Rz

∂z
+

P RR − P θθ

R

= −χ̄coF
R
co − γv

R
(Γco − Λco) −

γ − 1

v2
v

R
viχ̄coF

i
co

θ :
∂F θ

∂t
+

∂P Rθ

∂R
+

1

R

∂P θθ

∂θ
+

∂P θz

∂z
+

2P Rθ

R

= −χ̄coF
θ
co − γv

θ
(Γco − Λco) −

γ − 1

v2
v

θ
viχ̄coF

i
co

φ :
∂F z

∂t
+

∂P Rz

∂R
+

1

R

∂P θz

∂θ
+

∂P zz

∂z
+

P Rz

R

= −χ̄coF
z
co − γv

z
(Γco − Λco) −

γ − 1

v2
v

z
viχ̄coF

i
co
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Example

• Spherically symmetric streaming radiation field: E = P

F =
L

4πr2
r̂ ≡ F r r̂

= F RR̂ + F zẑ

with F R = (R/r)F r and F z = (z/r)F r
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• Radiation stress tensor and moments

R
α̂β̂

=

�
����


E F R 0 F z

F R R2

r2
E 0 Rz

r2
E

0 0 0 0

F z Rz
r2

E 0 z2

r2
E

�
�����

F R
co = F R −

	
vR(1 +

R2

r2
) + vzRz

r2




E

F θ
co = −vθE

F z
co = F z −

	
vz(1 +

z2

r2
) + vRRz

r2




E
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• 1st order in v

γ = 1 + O(v
2
)

vi = ũi + O(v2)

χ̄co = χ̄ + O(v2)
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• Euler equations

– R-direction

ωg

∂vR

∂t
+ ωgv

i∂vR

∂xi
− ωgR(vθ)2 +

∂Pg

∂R
+ vR∂Pg

∂t
+ vRvi∂Pg

∂xi

= fR + χ̄F R − χ̄

	

vR(1 +
R2

r2
) + vzRz

r2



E + O(v2)

– θ-direction

ωg

∂vθ

∂t
+ ωgv

i∂vθ

∂xi
+ 2ωg

vRvθ

R
+

1

R

∂Pg

∂θ
+ vθ∂Pg

∂t
+ vθvi∂Pg

∂xi

= fθ − χ̄vθE + O(v2)
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– z-direction

ωg

∂vz

∂t
+ ωgv

i∂vz

∂xi
+

∂Pg

∂z
+ vz∂Pg

∂t
+ vzvi∂Pg

∂xi

= f
z
+ χ̄F

z − χ̄

	

v
RRz

r2
+ v

z
(1 +

z2

r2
)



E + O(v

2
)

• Energy equation

− n
∂

∂t

�

ωg

n

�
− nv

i ∂

∂xi

�
ωg

n

�

+
∂Pg

∂t
+ v

i∂Pg

∂xi

= Λco − Γco − f
t
+ vif

i
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Summary

• Covariant formalism of relativistic radiation hydrodynamics is not really difficult.

• Applicable to any coordinates and spacetimes.

• Easy to apply and understand.

• However,

– frequency-integrated description

– closure problem
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