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Radiation and Matter

e Radiation always interacts with matter, via exchange of energy and momentum
— matter: /ocal

ple, t), T(x,t), v(x,t)

— radiation: global
specific intensity [, = I(=x,t;v, Q)
e Matter and radiation field should be solved together!
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Non-relativistic Radiation Hydrodynamics

e Spherically Symmetric Case

— Continuity equation

— Euler equation
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— Radiation energy equation
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— Radiation momentum equation
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Relativistic Effects

e Observer dependent measurement
— red/blue shift
— relativistic beaming
— time dilation
— bulk Comptonization
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e Spacetime curvature

— gravitational redshift — frequency mixing
— gravitational time dilation
— loss cone

— gravitational light bending

BH2006 2006/01/17 5



Previous Works

— Thomas (1930):
special relativistic theory of radiative transfer in diffusion limit
— Lindquist (1966):
theory of radiative transfer in curved spacetime
covariant moment equation under spherical symmetry
— Anderson & Spiegel (1972):
generalized moment equation including the second moments
— Thorne (1981):
Projected Symmetric Trace-Free moment formalism
comoving proper frame
— Park (1993):
mixed-frame moment equations under spherical symmetry
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Steps to Construct Relativistic RHD

Define relevant physical variables in covariant forms
2. Construct covariant conservation equations
3. Choose specific coordinates or spacetime

e® Define variables in a suitable tetrad

e Establish the transformation between tetrad and coordinates
e Transform the variables to covariant ones

4. Derive the equations in desirable forms
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Energy-momentum Tensors

e Energy-momentum tensor of gas
T = w,UU" + P,g*"

gas enthalpy: w, = ¢, + P, = nmc® + ...
e Radiation stress tensor

R = // I(n,v)n*n’dvdQ

n® = p®*/hv

I,/v3, vdvdQ: frame independent scalars
e Radiation four-force density [Mihalas & Mihalas 1984]

az L /clz//dQ[XI(n V) — nn®

in comoving frame: Gt = I'co — Aco, GZ = Xcon
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Conservation Equations

e Particle number conservation
(87
(nU7),, =0

e Energy-momentum conservation

(7°7 + R*) =1

or if the interactions between gas and radiation are known

Taﬁ;ﬁ — fa =G" = _Raﬁ;ﬁ
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Radiation Hydrodynamic Equations

e Euler Equation
PY(TM., — ) = P.°G" where P,” =6,"4+UU"
e Energy Equation
Ua(Taﬁ;ﬂ — %) = UG

e Radiation Moment Equation
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Tetrads and Velocities

e Basis vectors and orthonormal tetrads

o o _ 1 0 o
Oz’ 0x%  \/GaaOx® Ozl

e Four velocity

U= " U U*=—-1; @

e Proper velocity
— measured by the fiducial observer at rest
U
’U’LZ—A (221,2,3)
Ut
e Lorentz factor

~v=(1-— vivi)_l/Q
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e | orentz transformation -

i
Ay =,
Ay = A, A% = yvj,
i i i v —1
Aj == 5 j —|— (9 ’Uj '1)2
e From fixed tetrad to comoving tetrad
0 3 0
— = A (v)—
ox? CC'B

co
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Radiation Moments

e Radiation energy density

E = / / I,dvdQ), E., = / / oo AVe0dQe,
F' = / / In'dvdQ, F! = / / Lo dveodQeo

e Radiation pressure

= //I nnjdl/dﬂ // cho co COchonco

e Radiation flux
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e Transformation between fixed and comoving moments

BH2006
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Radiation Stress Tensor

e Radiation stress tensor: fixed and comoving tetrad form
apB L E F’L dﬁA L Eco Fcio
R = ( i pii ), Ry = ( i pi

e Radiation stress tensor: covariant form

=

a8 _ ox” 8$BR§\

Oz OxH
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e Metric

e Four-velocity

e Energy parameter

BH2006

Yy

dr?

[? =

Schwarzschild Spacetime

= —gagd:cad:cﬁ
2

d
— T2 — r_?; — r2(d6? + sin® 0dp?)

1—2m/r, m=GM/c* c=1

—U,

[F2 + (U + T*{(rU")? + (rsin 9U¢)2}] 1

/2
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e Fixed tetrad

0 1 8. 0 B 0
ot  Tot oF  or
0 1 0 . 0 1 0
96 - rdh’ 8q3_rsin98q5
e Proper velocity v
1
v =—U": v =—rU% = —rsinoU?
Yy Yy Yy
e lLorentz factor y
— (1 2_Y
= ) .
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e Comoving tetrad vs coordinate base

(? = 12 + fyI‘vr3 - fyvg12 + Yvg 1 0
Bi., I ot or r 89 rsin 6 9¢
o = T tT (=% _%
AR Ry
i = R tTa DI
* [1 At 1)5_51 %_% At 1)Uiz¢rs:n988¢
S = RtV
- 1)02?%;9 U 1)22)] rsiln088¢
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Radiation Stress Tensor

e Fixed tetrad components

R =

— Spherically symmetric case:

E F" 0 0
pad _ | FTOPT 0 0
- o o0 2YE-P™ 0

0O 0 0 2~ Y (E - P
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e Comoving tetrad components

e Covariant form

BH2006

R =

1 g9
rsin 6

r 0
Fco Fcoe
rr r
PCOH PCOH
r r
Pcogb Pce O¢
r
Pco Pco
i 0
Fr e
rf
r*pm e
T 7’-2
pro pY¢
r sin 9 r2 sin 6
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e Coordinate vs tetrad

BH2006

Radiation Four-Force Density

components
go = 28
A cO
Oy
1 t i
— F |:fyGCO + fy,UiGco]
o co + YUrlaco + 2 UrUila g,
LT 4 N P
= - G,, + YvoG,, + " v G,
! 3 A i
— o &0 + fy/UQSGco —|_ 2 /UQS/U'L.GCO
r sin 6 v
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Hydrodynamic Equations

e Continuity equation: particle number conservation

1 0
sin 6 06

(sin OnU’) + %(nU% =0

— Spherically symmetric case: 4nr’nU" = —N
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e Euler equation

- T
ouU” aU”
t
wgU'—— + wU'—— —I—cugr2[F(U) T (U)]
2 ,OP, OP, 0P,
— w— [(7~U9)2 + (rsin 9U¢)2] +UUS L 4 TP L UTU
r ot or o0x’

= —yU'G'+[1+T UG + U UG’ + r’sin” 0U U’ G?
_|_f7’ + U’I"Uafa

— Spherically symmetric case without external force:

yoU" 19(U")? m yU" 0P, vy°0P,
' ot 2 Or r?2  Tw, Ot wg OT
— _G — Y XCOFT

co’
Wg Wy
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LU’ U’ 1 . , o2
WU — + w U——|—2wg—U U’ — wysinfcosO(U")
Ot ox’ r
oP, 10P, o OP,
— [
ot T r2 06 T ox?
= —yU'G"+17UU'G" + [1 + r*(UHHG + r*sin® oU U’ G?
+f+Uv, e

+ ylut

—- ¢
LOU? LU 1 & ¢
woU —— 4+ w U——I—ng—U U —i—2wgcot9U U
ot ox’
6. 10, 1 0P, 6.0,
+ U'U + L LUt
ot r2sin® 6 O¢ ox?

= —yUG'+T°U'U’G" + r*UU°GY + [1 + rPsin® 0(U*)*1G?
+f 4 UPUL
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e Energy equation

n n ot ox?
= —yGt + r2urGg” + e aex + r2sin? 0U?G?

) 9 OP OP
— nUt—(ﬁ)—nUz .<ﬁ>+lﬁ ‘U —2 _U,f°®

= -G =Ap—T..
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Radiation Moment Equations

R 5= —-G"
e Radiation energy equation
10E 110 4., 2 6 9 o
il M r in O F F
2 Ot +F27“2(97“(r >+F7“Sin9(99(sm >+F7“Sin98¢( )
t Y s ¢
= —G = E(Aco - Fco _ XCOUtio)

— Spherically symmetric case: gravitational redshift

2 2m T
Arr (1 — — | F©' = L

r
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e Radiation momentum equation

-—a=r
OF" _,0P" L' 0 /. . r opP™
4T + — (sm 0P ) + —
ot or r sin 6 06 rsinf 0¢
2
r T
- -G
_ r v ! Y, i
— _FXCOFCO — F’Y'UT(FCO - ACO) — I 5 UTUiXCOFco
v
— Static case
, 1 ..
F'= — _ PZJ;J
XCO
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1(9_}7’9 + 12 (FTPTQ) + L 9 (Sin HP%) + R

' ot ror r sin 6 060 rsinf 0o
2I° 1
_|_ _Pre . ¢¢
r r tan 6
6 - v—1 _
= —rG = _XCOFco — q/vg(l_‘co — Aco) — 5 UGUchoFCO
v
—a=¢
10F? 10 re\  10P% 1 oP?
LOFY 10 (ppro) LD
' Ot ror r 00 rsinf O0¢
2" . 2
4 ZLpr 06
r rtan 6
. é _ ¢ v —1 _ i
= —rsinfG” = —XceoF., — YV6(Leo — Aco) — 5 VpViXcok e,
v
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Incompleteness

e Number of Physical Quantities: 16
n, T, U E, F', PY
e Number of Equations: 10
uv*U, = —1:1
Continuity equation: 1
Euler equation: 3
Energy equation: 1
Radiation moment equation: 4
e Radiation moment equations are not closed!
Should solve fully angle-dependent radiative transfer equation: -.-;;;
Terminate higher moments
Assume closure relation, such as the Eddington factor
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Relativistic Radiative Transfer

e Full angle-dependent radiative transfer calculation
- I(x,t;v, Q)
— 7 dimensional problem: x, ¢, v, {2
— v changes
— photon trajectory is not straight

e Methods

— Direct integration by finite difference method
— Characteristic method
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Eddington Factor

e a la Minerbo (1978): choose the Eddington factor that maximizes the entropy

as a function of E., and F"

co’

1] 1 FcZoFgo
f :—(1—R2)53—|— (3R2—1) 2

2 1
Rgzl——<COth>\——>
A A

F., 1
= coth A — —
A

R =
"7 E.
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e How good is the Eddington factor?

0.8 0.9 1.0
T T

0.7
T

0.4
T

0.3
T

0.1
T
!

0.0
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3D Cylindrical Coordinates

e Metric
dr? = dt° — dR® — R*d6* — dz*

e Tetrad
%) 0 %) %) %) B 1 0 %) %)

ot ot ok OR 96 RO 9z 0Oz

e Continuity equation

_(,y) Eﬁ(RU)Jr—(U)—i——(U)—O
e Euler equation:
R: ~yw gaUR-l—wg iaU}.%—ng(U) +8i+ UR8—+U Uap
By, O OR Ot ox’
= UG + 1+ (UYHIG" + RUU'G’ + UTUG® + 1 + U Usf”
0 fnga—UeJr Ua—UGJrzngRUGJr ! 8Pg+7 12l o2l
ot S R R? 00 ot Oz’
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_ —'}/UGGt—FUeURGR—F [1+R2(U9>2]G9+UeUsz"—fe"—UeUﬁfﬁ

5 US| DU 0P, 0P, L 0P,
L T T oni T e T oy O

_ —’YUZGt—I—UzURGR—l—RQUzUGGG—l— [1_|_ (Uz>2]Gz+fz+UzUﬁfﬁ
e Energy equation

B (A L +Utap~"+Ui8P~f’
ot \ n '\ n ot ox’

== _GiO+Uafa:Aco_Fco+Uafa

e Radiation energy equation

OE 1 0 s 10F% OF*
— + —=—(RF") +

ot = ROR R o0 | o.
— —Gt = ’Y(Aco - 1—\co - )ZCOvtiio)
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e Radiation momentum equation

s 8FR+8PRR+ 18PR9+8PRZ+PRR_P99
- ot OR R 00 Oz R

Y

_ R R _
— _XCOFCO — YU (Fco — Aco) — 5
(¥

oF? opPR 1P pgpP* ophY

" ot or YrRae T a: TR
R~ (T~ A~ L
o oF* o P N 10P” i P
ot ' OR R 90 ' 0z R
= —XcoFL, — Y0 (Lo — Aco) — 7;2 1UZU¢>_<coFcio

BH2006 2006/01/17

35



Example

e Spherically symmetric streaming radiation field: £ = P

L

A2

= FER4 F*3

A T A~
r=F r

F

with F* = (R/r)F" and F* = (z/r)F"

7

AW 7
7 T
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e Radiation stress tensor and moments

BH2006

( E FR o F* \

2 z

i f—QE 0 fj—QE

0 0O 0 0

z z z2
\F fj—QE 0 —QE)
R

FR—[v (1—|——)—|—v —Z]E
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e 1st order in v
v = 1 + O(’U2>
v' =4’ + O(v?)
Xco = X T O(U2)
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e Euler equations

— R-direction
ov’t (91) o OP OP
R g R g R 7
gy T W — @ (v")’ Tor 7Y o o
2
= fTHxFT-x v+ —)+’v— E + O(v")
— O-direction
v’ O’ s vy’ N 1 0P, N ,OP, L 0P,
s w ’U S — v (VY -
7 0t 77 dxt YR R 90 ot Ox'
0 _
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— 2z-direction

w WU v —=
ot 9 oz T o2 ot Y oz
. . Rz . 22
= [T+ xF —X[UR7+U(1+§) E+ O(v")

e Energy equation
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Summary

Covariant formalism of relativistic radiation hydrodynamics is not really difficult.

Applicable to any coordinates and spacetimes.

Easy to apply and understand.

However,

— frequency-integrated description
— closure problem
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