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“What is matter made of?”
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“"How do they interact with one

another?”
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The year 2015 marks the 100th anniversary of Albert Einstein's presentation of the \9‘;\"@6
complete Theory of General Relativity to the Prussian Academy. *‘3\:’;00
A Century of General Relativity, Berlin, Germany, 30 Nov 2015 - 5 Dec 2015. o055

General Relativity & Gravitation: a Centennial Perspective, Pennsylvania State University,
8-12 June 2015.
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Dark Energy
Accelerated Expansion

Afterglow Light
Pattern Dark Ages Development of
380,000 yrs. Galaxies, Planets, etc.
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- DarkJMatter in Spiral Galaxies
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Rotation Curve represents gas/stars circular orbit velocity as function of distance
' from the galaxy’s«center
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Gravitational Lensing Effect
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Eleven Science Questions for the 21st Century

What is Dark Matter?

What is the nature of Dark Energy?

How did the Universe begin?

Did Einstein have the last word on Gravity?

What are the masses of the Neutrinos, and how have
they shaped the evolution of the Universe?

How do Cosmic Accelerators work and what are they
accelerating?

Are Protons unstable?

What are the new states of matter at exceedingly High
Density and Temperature?

Are there Additional Space-Time Dimensions?
How were the elements from lron to Uranium made?

s a new theory of Matter and Light needed at the
Highest Energies?
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1909 — 13: Rutherford’s scattering experiments
Discovery of the atomic nucleus

fluorescent
screen
o — particles
radioactive ~ —_—

Ernest Rutherford source\ /,, //
J - N

target\
(very thin Gold foil)
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Periodic Table of the Elements




Ground-state Energy of Atom
n=1 and j=1/2

E =my1-(Za)’

Dirac Vacuum cannot hold too many
protons in the nucleus of atom.






Standard Model
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ZQ ;=0 (Anomaly - Free Condition)

Relativity provides a Bottom-Up Fitness Test of Model Theories.
B.Bakker and C.Ji, Phys. Rev. D71,053005 (2005)
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(———)x3+(0—1)=0

33

Three colors are necessary for the quarks: Quantum Chromodynamics



CP-Even Electromagnetic Form
Factors of W~ Gauge Bosons
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At tree level, for any g2,
%‘FP"P A=1, Ak=0, AQ=0
Beyond tree level,
A=F(q),

~(AK) = F,(q°) +2F (q°),
-(AQ) = F,(¢°),

wo_ s u
Lop =—leJ 4

' qaq '
Jhbs = {—(p+p ) g5 F1(q°)+(ghq, —g59,)F,(g%) + 2M§ (p+p )“F3(q2)}
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Manifestly Covariant Results

(F3)SMR = (F3)PV1 = (F3)PV2 = (F3)DR4

2
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(Fz +2Fl)SMR = (Fz +2Fl)DR4 + 2f
47 6

g°0, (2
(£, +2F) pyy = (F, + 2F)) ppy + 2
% 3
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(F2+2F1)PV2 =(F2+2F1)DR4+ 2f -
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LFD Results for Anomaly

(Fz +2F1);1(\)4R = (Fz +2E)25\)4R = (Fz +2F1)§?\:IIR = (Fz +2Fl)DR4 +

(Fz +2F1);(1)/1 = (Fz +2F1)(1)30V1 = (Fz +2F1);0;1 = (Fz "'2F1)DR4 +

2
g0 1
(F2+2F1)PV2 =(F2+2Fl)DR4+ 2f -5
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Energy-Momentum Tensor

Poincareé invariance entails that the Energy-Momentum Tensor is
divergence-free, i.e. it defines a conserved current:

a T L O T, can always
|V Al VT 7 be made symmetric
Noether current associated with a global scale transformation:
X = e
is the dilation current: D =T, X,

In a scale invariant theory, the dilation current is conserved
0uDy = 0= [0, Tywl|ry + Ty Oy
=Ty ;
Consequently, the energy-momentum tensor is traceless in a scale
invariant theory.



Electromagnetic Field Tensor

0 _Ex _E_\' _Ez
F uv Er 0 _Bz B)‘
~|E, B, 0 -—B,

E, -B, B, 0

Lagrangian: L= —%F“VFW = %(E2 - B%)



Lorenz Force EOM Example

0 —E, 00
, E. 0 00
Hy X
B = 0O 0 00
0O 0 00
u
f“=md” = gF*u w _ dx
d 9 v where Y
T dt
2 _ |
d ’(;) _ & dx(7) t(7) = 'Z, U sinh (qE_‘r)
dt m dt qLx m
2 _ | e
ddX(zr) = 1% drd(‘c) x(7) = 'Z, ll:{ — 1 +cosh (q “T> }
T m T gE, m
d” z2(T) =u,t
d*z(7) 0 B
dr2 Parabola 2> Hyperbola (Relativity: u.u=1 or v < ¢)
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Coupled EOMs

0O —E, 0 O
: E. 0 0 B,
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Spacetime Interpolation

. 0 ,
Xt = 7" x*

cosd 0 O sind
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0o 0 0 -1 sin20 0 0 -cos20|
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Resolution of coupled EOMs with interpolation

0 —Eycosd —Bysind 0 0

PRy _ E,cos0 + Bysind 0 0 —B,cosd +E,sind
0 0 0 0
0 Bycos0 —E,sino 0 0

E,sind —Bycosd =0

t(t) =
q(E? —B?

2 _R2
m(u; E, — ulBy) { — 1 +cosh (qmr) }
m

2
! /2 _ p2 0 0 0 0\ - qu‘.—B)z,r
)3/2 {qB_V E\' _ B\‘ (E\'uz - B_Vut )T +mEx (E\'ut - Byuz ) Slnh }

x(0)= q(E} —B;})

1 g\ EZ — B}t
{ qEx\/ EZ — B} (Extt) — Byuy)T +mBy(Exu} — Byuy) sinh : }

dr) = q(E2—B2)3/2 m
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Dirac’ s Proposition

The instant form The front form

The point form



Dirac’ s Proposition

The instant form < >
Can they be linked? fhe front form
Traditional approach Innovative approach
evolved from NR dynamics for relativistic dynamics

Close contact with

Euclidean space Strictly in Minkowski space

T-dept QFT, LQCD, etc. DIS, PDFs, DVCS, GPDs, etc.



Interpolation between Instant and Front Forms

n 0 . 3
X xT=cosOx +sindx

0 3
x~ X +X

\2 YT
N,
x° =sin6N\os\5x3 ™
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K. Hornbostel, PRD45; 3781 (1992 FT

C.Ji and S.Rey,PRD53,5815(1996) ~Chiral Anomaly

C.Ji and C. Mitchell, PRDG4,085013 (20Q1) — Poincare Algebra
C.Jiand A. Suzuki, PRD87,065015 (2013) — Scattering Amps
C.Ji, Z. Li and A. Suzuki, PRD91, 065020 (2015) — EM Gauges
Z.Li, M. An and C.Ji, PRD92, 105014 (2015) — Spinors

C.Ji, Z.Li, B.Ma and A.Suzuki, in prepartion — Fermion Prop.
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Tree Level
d,J"=0:q,u(p )y u(p)
=u(p)lp' - plu(p)
=u(p")[m—mlu(p)
=0
9,J5 =05q,u(p’)y"ysu(p)
=u(p)p' - plysu(p)
=u(p)lpys+ysplu(p)
=2mit(p")ysu(p)
=0 if m=0

Loop Level
9,J" =0
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®) C.Ji & S.Rey, PRD53,5815(1996)



Concluding Remark

 Communications between
methamaticians and physicisits will be
beneficial/crucial to understand the M-
gap? T7? ...Uncountable Infinities?



Gravity on Matter Equation of

State

Hyeong-Chan Kim
(KNUT)

APCTP Mini-symposium
Pohang, Korea,
July. 22, 2016.

- Newtonian gravity:

In preparation, H.K,, Gungwon Kang (KISTI),
- General relativity:

In Preparation, H.K,, Chueng Ji (NCSU).



Picture from wikipedia Statistical description is

possible.

possible??

=

Statistical description requires enough number of particles in a box.

This restricts the size of the box for a given system of density-
nV ~ N A



Statistical description in a gravity

Impossible.  Local description in terms of pressure and density is
Inappropriate.

A strong gravity restricts the region off space where the statistical
clescription is possible.



P(z) = n(z)kgT,

The density and pressure are
position dependent.

Kinetic energy:

K = 3NkgT/2,

Therefore, the avarage speed
of a particle is independent of
its height.

For the time being, we assume the velume contains
statistically enough number of particles.



Q: It appears genuine that strong gravity affects
on the distributions of matters.
Then, how is the Equation of State?



Two EoS we are interested in:
=

EOS 1: PV = NkpgT, (deal gas)

 Adiabatic ideal gas: ds =0,

dT = —PdV/Cy,—dU = TdS — PdV,

PdV—{—Vsz_%PdV — |P=Kp: TZC’v%—NkB,
Cv Cv

EOS 2: Polytropic EoS

| dP(r) = —p(r)g(r)dr,
Balance equation + EoS2 provides star structure in Newtonian gravity.




Statistics (Summary)
-,

Basic principle:
The number of particles in unit phase volume is proportional to

n(zt,p;) e—BH(z".p;)

log Zny = Nlog Z, — log N!,

3
log Z1 = log [(@) f dam/dav e_ﬁH]
h 1%

Partition function: {

dlog Zn Sn Un -
Unv(T,X) = — = N logZn(X
~(T,X) [ o3 L, Nkp — Nk TV 108 Zn(X)
ou

Heat Capacity: Cy = e

- . N Lo 3

distribution of ptls: n(z. v) = — (_) e PH

( ] ) Zl h



Ideal Gas in Constant Newtonian Gravity

>t

N-particle system in a box: 4
One particle Hamitonian:
0
1 0 2L
H = Eau{]ﬂ —F,{LUQE} —L <z< L': °
0 00 .
One particle partition function: Landsberg, et. al. (1994).
= Ho\® 3 / 3 —,SH] V3 kT sinh X
log Z1 = log [( h) /Vd r | dve = log (7] (100))? + 5 log 2 11gC? + log X
V =2L x A,

Order parameter for gravity:

MG _ Mgl > 0; G=gL, M = Nuy.

X = —
NkgT  NkgT —

Ratio btw the grav. Potential energy to the thermal kinetic ener
gy.



Un(T,X) = — [31‘?;33”] = (g = Xcoth(X)) NEkgT.

Q=Uy — K = NkgT(1 — X coth X),



Ideal Gas in Constant Gravity
.,

SN Un 7 V/N 3 ksT sinh X

— -1 — = —
Nkp = NkgT T BN =5 Hlog G ot 218 a7 18 (T )x X coth & }
2.5 |
2.0 (X dep part of Sy)/Nkg
15
1.0 Ordering effect )
: of gravity |~ v ®
05" \ / A
25\/30)(
05

Entropy takes negative values for large gravity.
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Cv=——=C Nk |1 -
1% T v,0 + INEB sinh? X
Monatomic gas
OV&(} = 3NkB/2

Gr 100 X
— — — th X -
M- M6G snn2x OO

-02 7
-04 7
06 7
-0.8 f

_10L
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EoS 1 in Constant Gravity
..

Distribution of particles is position dependent:

N X
n(z) = fd%n(z,*v) = e PHogZ,

_ X _poez

P(z) = dv(2p,)v,n(z,v) = P
@) = [ dumunn =Pty

However, local and the averaged values satisfy the ideal gas law.

Pressure difference: (in the zero size limit, it becomes the balance equation)

AP = P(L) — P(—L) = —2XP = _%,



The new EoS 2 in the adiabatic case
‘First law: | dUy = kpTdS — PdV + Q(dlogG).

The energy is dependent on both of the temperature and gravity:

dUn = CvdT + GrdG = 3% (VAP + PdV) + Grdg,

Adiabaticity: dS = 0,

5 2
We get, 3dP 5dV_(1 X )dX

2V Csinh?X/) X

5P T2V
o B X X coth(X)—1Y 2/3 .
5 _ 5/3. _ p=M/V
Rx)p3) E=k ( o ) . /

EoS appears to be factorized. However,

MG  MgL pglL Mg/A

NkgT PV P 2P
contains thermodynamic variables.

X =




The new EoS 2: Limiting behaviors
.

_ 1/ G \2
SBRRIGERUAE -~ 11+ () +-|

The correction is second order.

The pressure difference equation becomes the balance equation.
Therefore, one can ignore this correction in the small size limit of the
system.

Therefore, the gravity effects on EOS is
negligible if the system size is small.

2/58

shows noticeable difference even in the non-relativistic,

Newtonian regime: kpT' < pogL < poc?.
Pressure difference equation becomes a discrete difference eq.



An application of the modified EOS

Density Gravity
increases. ¥ decreases.

Strong gravity limit hold}
S.

8 pressure difference eq

AP/P = —2X.

replaces the balance equation.

Density increases exponentially.
Therefore, this strong gravity
regime is thin.

Therefore, for most stars in astrophysics, the
gravity effects on EOS is ignorable.



Then, when can we observe the gravity effect?
..

Macroscopic: size > kinetic energy/gravitational force

Every cases are beyond
the scope of
the classical Newtonian theory.



Relativistic Case



Equation of State in General Relativity

General Covariance:

Freely falling frame = locally flat
EOS in freely falling frame = EOS in flat ST

Scalar guantity

Density, pressure, temperature are scalar quantities.
Therefore, their values in other frame must be the same as
those in the freely falling frame.



Generalization: Ideal Gas in Constant Gravity

N-particle system in a box (Rindler spacetime):
ds® = gy dztdx’ = —(1 + gz)gdtg + dz? + dy? + dz°,

Hamiltonian:

2

HEZ}J@ﬂi—L:,{Lu(l—I—gE) 1+ %
0

Temperature

Partition function: at z=0

Vv 3N . kgT 3/2
log Zn [V, B,G] = N log (7/10)° N + N + ?]D Qf#fl + N log [M Z} _

1 K« Ki(a_ =
Z(a+,a_)=ﬁ — 1{£++)+ liu) || ax = Bpe(1£G) and X = =5




Continuity Equation:

The Continuity Equation.

%:0, %:—(erP)alOgaﬁ N G+z)g—§:—(p+P)
> Plo)=-1— / " i o).
The number and energy densities: n(z,p) = h?]’\;l e PH .
1) = oo 2D o (14 g2).
§o) = o [ ErHG G = 5 ( Ei ).
PE) =g as = Ty g —PE =Gk

1uedl gas la
{(not globally) by local temperature




Total energy and Entropy:

Define pressure in Rindler space: p(z) = (1+ gz)P(z) = n(2)ksT

NkpT
> pavg V defr.p ‘}B ’ Ap - (’U,—|- l)Xpan

Ideal gas

on the whole system if on

define an average pressure for Rindler spac
e.
Pressure difference relation is modified.

The total energy and entropy in Rindler frame:

log Z
Mg(T,G) = — (8 (zagﬁ N) = NkgT m(ay,a_),
vV

SN(V, T, Q) Mp 1 eV/N
= N logZy =1
Nkn NEkgT 0 %8 %8 92 (h/ po)?

+ s(ay, o).
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(= MR — Uint — MO — NkBTCU(a+, Cli_),
1 (Kz((]i.|_) i KQ(CI{_))

-2z oy o
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w(Bpo + X, Bro — X)

Uéltr
_ipelati Low
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_15]-




E : (aMR) = m(a4, a—) — poBdsm(og., o) — XOam(ay, ),
v,

Nks ~ Nkg \ oT ),

Cr -1 OMpg

“T et (EER) -

M ° ( g )T,V oam.

Qv (Bpo + X, Bpo — X)

Jy
tetaperature

260

......... C;i;(ﬂﬂo + X, Bpo — X)

24r
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Strong gravity regime:

gL/c? =1 corresponds to the case that the bottom of the box touches the event horizon
Parameterize the distance from the event horizon as
-1
1-G=1—-gL=g(g — L) = gé,

Radiation?
6 =
Mg =~ NkBT[B + ( _log 2090 _ . _ Kg(wm)) (Buo)? x (g6)2].
% T |
Sy ~ Ang |lo = —3log 22— 210 (gd) + |
N ANS 8\ 4x2(B/uo)3gns 8 kaT AL |

Area
proportionalit

y



Thermodynamic first
law

Differentiating the definition of entrop, Sy [k =M r/kT +log Zy .

dMp = kgTdSN + MR% — kBTdIDg ZN.

From the functional form of the partition function:

Mg dT N
dlog Zn = Fm—;‘? + 374V = Nw(as,a-) dlogg

Combining the two, we get the first law:

NkgT

dMpr = kgTdSy — dV +Qdlogg.

Gravitational
potential energy



dMp = —NkgTdlogV + QdlogG.

dMp, = CydT + CrdG = NkgT [ h?: dlog(NkgT) + (X84m) dlog g] .
B

% =Cgdlog X —Cdlog(NkgT),
Cg =w— Xaam. Czﬂ—w+X6Am=ﬁuo(u+1—6sm).
Nkg
e—m(a+,a_) V(ia ,a_12-
V=K . K | .
Z(ay,a) 101 Universal -

feature? -

0.2 0.4 0.6 0.8 g 1.0



Newtonian gravity limit:

8 K My \*? X xeotnx-r A/
V_(\/;e3/2) (NkBT) sinh X © +O(Buo) ™

Reproduce the Newtonian result. }

Strong gravity limit:

or s K\1/3 h
Ve i—fcs?g?(ﬁpn)s > kpT = _ﬂ(ﬁ) x (—9) .

e 27me

{ V =2AL ~2Ag7 ! K = K/(h/uoc)® A EA/F}

At present, we cannot determine the dimensionless part.




_ Locally Macroscopically

PV = NkgT,  Kept kept
P=Kp" kept modified

EoS in the strong gravity limit appears to determine the
temperature of the system to be that of the Unruh temperature.
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